We consider the semilinear elliptic eigenvalue problem −∆u + k(|x|)u p = λu, u > 0 in B R , u = 0 on ∂B R , where p > 1 is a constant, B R := {x ∈ R N : |x| < R}(N ≥ 1), and λ > 0 is a parameter. We investigate the global structure of the branch of (λ,u λ ) of bifurcation diagram from a point of view of L 2 -theory. To do this, we establish a precise asymptotic formula for λ = λ(α) as α → ∞, where α := u λ 2 .
Introduction
We consider the semilinear nonautonomous logistic equation of population dynamics 564 Nonautonomous logistic equations Therefore, one of the main interests to study (1.1)-(1.3) is to understand well this bifurcation diagram.
The purpose here is to study precisely the global structure of this bifurcation diagram from a view point of L 2 -theory to know the relationship between the reciprocal parameter λ of the diffusion rate and the number of the population of the species. To do this, we parametrize the solution set by its L 2 -norm as follows. For a given α > 0, we denote by (λ(α),u α ) ∈ {λ > λ 1 } × C 2 (B R ) the solution pair of (1.1)-(1.3) with u α L 2 (BR) = α, which uniquely exists (i.e. u α = u λ(α) ). We call the graph
To gain a clearer picture of the L 2 -bifurcation diagram locally and globally, several attempts have been made to study the asymptotic behavior of λ(α) as α → 0 and α → ∞. For the works in this direction, we refer to [2, 3, 4, 5, 9, 14, 15, 16, 17] and the references therein. In particular, [3, 4] obtained the asymptotic formulas for λ(α) as α → 0 by using a variational method. On the other hand, if we focus our attention to the behavior of λ(α) as α → ∞, then since
uniformly on any compact subset in B R as λ → ∞ (cf. Lemma 2.1 in Section 2), we easily see from (1.4) that
This implies 6) where Before answering this question, we recall some known results for the autonomous case. Let
where |S N−1 | is the measure of the unit sphere in R N .
Theorem 1.1 [15, 16] .
We remark that m-th (m ∈ N) term of λ(α) has been obtained in [15] for the case N = 1. Furthermore, if k ≡ 1, then (1.9) has been extended to the case of general bounded domain (cf. [17] ).
On the other hand, for the nonautonomous case, only the following result seems to have been given. 
We see that for the nonautonomous case, not the exact second term has been obtained even if
The main aim here, therefore, is to establish the exact second term for the nonautonomous case when N ≥ 1. Now we state our result.
Comparing (1.11) with (1.9), we find that the leading term of λ(α) is affected by the value of K in B R , while the second term is affected also by K(R), the value of K at the boundary.
We explain briefly the reason why the nonautonomous equation is difficult to treat. When we consider the autonomous case, to obtain the generalization of (1.9) in [17] for general bounded domain Ω, the Pohozaev identity and the precise study of the asymptotic behavior of u λ near ∂Ω have played crucial roles. Unfortunately, the Pohozaev identity is not useful any more for nonautonomous case. Furthermore, the precise analysis of the asymptotic behavior of u λ near ∂Ω is quite difficult to study when the equation is nonautonomous and Ω is a general bounded domain. Therefore, we restrict our attention to the case where Ω = B R here as a first step to investigate the nonautonomous cases. The foreseeable extension of this research would certainly be to investigate the case where Ω is a general bounded domain.
The approach of the proof of Theorem 1.3 is based on the arguments developed in [16] , since in this case, by (A.2), we see from [8] 
(1.14)
In [16] , the key ingredient for obtaining the second term of λ(α) in (1.9) is to find the asymptotic formulas for ∇u α 2 , u α p+1 p+1 and
However, if k ≡ 1, then clearly these terms are affected by k and we encounter several difficulties caused by k. Therefore, the calculation of these terms are more complicated than that to obtain (1.9) and in particular, the effect from the boundary on these terms must be taken into careful consideration.
Proof of Theorem 1.3
For convenience, we identify (1.1)-(1.3) with (1.12)-(1.14) . Furthermore, for the notation of the solution pair of (1.1)-(1.3) and (1.12)-(1.14) , we use both (λ,u λ ) and (λ(α),u α ). Furthermore, we write A = A(K) for simplicity.
Proof. Let an arbitrary x 0 ∈B R0 be fixed. Furthermore, let r 0 = |x 0 | and B x0,δ :
Let w λ be a unique solution of
Then a comparison and maximum principle show that u λ ≥ w λ in B x0,δ . Furthermore, let v λ be a unique solution of
Then by (2.2), for x ∈ B x0,δ , we obtain
This implies that v λ is a subsolution of (2.3). Furthermore, since a constant function (λ/k(r 0 + δ)) 1/(p−1) is a supersolution of (2.4), by (2.2), we see that for 
Since u λ ≥ w λ , consequently,
On the other hand, it is known (cf. [6] ) that for
uniformly. SinceB R0 is covered by finite number of balls with radius δ/2 such as B x0,δ/2 , and δ is arbitrary, by (2.8) and (2.9), we obtain our conclusion.
Proof. Multiply (1.12) by u λ (r). Then
(2.13)
(2.14)
568 Nonautonomous logistic equations By this, Lemma 2.1 and Corollary 2.2, for 0 ≤ r ≤ R 0 , we obtain
By this and (2.13), we obtain
Multiply (1.1) by u λ . Then integration by parts along with Lemma 2.1 implies that as
By this, for λ 1, we obtain
(2.18) By this and (2.16), we obtain our conclusion. Thus the proof is complete.
Proof. Let an arbitrary 0 < δ 1 be fixed. We first show that for λ 1 
Next, by Lemma 2.3, (2.13) and (2.14), for a fixed 0 ≤ r < R,
By this, (A.2) and Lemma 2.1, for a fixed r ∈ [R − δ,R)
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